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1 Introduction 

In this paper, we prove the foUowing theorem. 

Theorem 1.1 Let K be a non-trivial two bridge knot. Then, for each g > 3, 
every genus g Heegaard spUtting of the exterior E{K) of K is reducible. 

We note that since E[K) is irreducible, the above theorem together with the 
classification of the Heegaard splittings of the 3-sphere (F Waldhausen [21]) 
implies the next corollary. 

Corollary 1.2 Let K be a non-trivial two bridge knot. Then, for each g >3, 
every genus g Heegaard splitting of E{K) is stabihzed. 

By H Goda, M Scharlemann, and A Thompson [6] (sec also K Morimoto's 
paper [15]) or [13], it is shown that, for each non-trivial two bridge knot K , 
every genus two Heegaard splitting of E{K) is isotopic to either one of six 
typical Heegaard splittings (see Figure 11). We note that Y Hagiwara [7] proved 
that genus three Heegaard splittings obtained by stabilizing the six Heegaard 
splittings are mutually isotopic. This result together with Corollary 1.2 implies 
the following. 

Corollary 1.3 Let K be a non-trivial two bridge knot. Then, for each g >3, 
the genus g Heegaard splittings of E{K) are mutually isotopic, ie, there is 
exactly one isotopy class of Heegaard splittings of genus g . 

We note that this result is proved for figure eight knot by D Heath [9]. 

The author would like to express his thanks to Dr Kanji Morimoto for careful 
readings of a manuscript of this paper. 

2 Preliminaries 

Throughout this paper, we work in the diff'erentiable category. For a subman- 
ifold H oi a manifold M, N(H,M) denotes a regular neighborhood of H in 
M. When M is well understood, we often abbreviate N{H,M) to N{H). 
Let A'^ be a manifold embedded in a manifold M with dimA^ =dimM. Then 
FtmN denotes the frontier of A^ in M . For the definitions of standard terms 
in 3-dimensional topology, we refer to [10] or [11]. 
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2. A HeegaEird splittings 

A 3-manifold C is a compression body if there exists a compact, connected (not 
necessarily closed) surface F such that C is obtained from Fx [0, 1] by attaching 
2-handlcs along mutually disjoint simple closed curves in F x {1} and capping 
off the resulting 2-sphcrc boundary components which are disjoint from F x {0} 
by 3-handles. The subsurface of dC corresponding to F x {0} is denoted by 
d+C. Then d-C denotes the subsurface c\{dC-{dF x [0, l]Ud+C)) of dC. A 
compression body C is said to be trivial if either C is a 3-ball with d+C = dC , 
or C is homcomorphic to F x [0,1] with d-C corresponding to F x {0}. A 
compression body C is called a handlebody if (9_C = 0. A compressing disk 
-D(C C) of d+C is called a meridian disk of the compression body C. 

Remark 2.1 The following properties are known for compression bodies. 

(1) Compression bodies are irreducible. 

(2) By extending the cores of the 2-handles in the definition of the com- 
pression body C vertically to F x [0, 1] , we obtain a union of mutually 
disjoint meridian disks V of C such that the manifold obtained from C 
by cutting along V is homeomorphic to a union of 5_C x [0, 1] and some 
(possibly empty) 3-balls. This gives a dual description of compression 
bodies. That is, a connected 3-manifold C is a compression body if there 
exists a compact (not necessarily connected) surface without 2-sphere 
components and a union of (possibly empty) 3-balls B such that C is 
obtained from x [0, 1] U S by attaching 1-handles to .F x {0} U dB. We 
note that d-C is the surface corresponding to Fx {!}. 

(3) Let P be a union of mutually disjoint meridian disks of a compression 
body C , and C a component of the manifold obtained from C by cutting 
along V. Then, by using the above fact 2, we can show that C inherits 

a compression body structure from C , ie, C is a compression body such 
that d-C = d-C n C and d+C = {d+C n C) U FvcC . 

(4) Let S be an incompressible surface in C such that dS C d+C . If S 
is not a meridian disk, then, by using the above fact 2, we can show 
that S is d compressible into d^C , ic, there exists a disk A such that 
An S = dA n S = a is an essential arc in S, and A n dC = cl(£?A — a) 
with AndC C d+C. 

Let be a cobordism rel d between two surfaces Fi , F2 (possibly Fi = or 
F2 = 0), ie, Fi and F2 are mutually disjoint surfaces in dN with dFi = dF2 
such that OA^ = Fi U F2 U {dFi x [0, 1]) . 
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Definition 2.2 We say that Ci Up C2 (or Ci U C2) is a Heegaard splitting of 
{N,Fi,F2) (or simply, iV) if it satisfies the following conditions. 

(1) Ci {i = 1,2) is a compression body in N such that d-Ci = Fi, 

(2) CiUC2 = iV, and 

(3) CinC2 = d+Ci = d+C2 = P. 

The surface P is called a Heegaard surface of (A^, -Fi, F2) (or, A^). In particular, 
if P is a closed surface, then the genus of P is called the genus of the Heegaard 
splitting. 

Definition 2.3 

(1) A Heegaard splitting CiUpC2 is reducible if there exist meridian disks Di , 
D2 of the compression bodies Ci , C2 respectively such that dDi = dD2 

(2) A Heegaard splitting Ci Up C2 is weakly reducible if there exist meridian 
disks Di , D2 of the compression bodies Ci , C2 respectively such that 
dDi n 9D2 = 0- If Ci Up C2 is not weakly reducible, then it is called 

strongly irreducible. 

(3) A Heegaard splitting CiUpC2 is sta6i/i2;e(i if there exists another Heegaard 
splitting C[ U pi C2 such that the pair {N, P) is isotopic to a connected 
sum of pairs [N , P')'^{S^ ,T) , where T is a genus one Heegaard surface of 
the 3-sphere . 

(4) A Heegaard splitting Ci Up C2 is trivial if either Ci or C2 is a trivial 
compression body. 

Remark 2.4 

(1) We note that Ci Up C2 is stabilized if and only if there exist meridian 
disks Di , D2 of Ci , C2 respectively such that dDi and dD2 intersect 
transversely in one point. 

(2) If Ci Up C2 is stabihzed and not a genus one Heegaard splitting of , 
then Ci Up C2 is reducible. 

2.B Orbifold version of Heegaard splittings 

Throughout this subsection, let A^ be a compact, oricntable 3-manifold, 7 a 
1-manifold properly embedded in A^, and F, Fi, F2, D, S, connected surfaces 
embedded in A^, which are in general position with respect to 7. 
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Definition 2.5 We say that Z) is a 'j-disk, if (1) D is a disk, and (2) either 
D n 7 = 0, or D intersects 7 transversely in one point. 

Let £{c F) be a simple closed curve such that £ n 7 = 0. 

Definition 2.6 We say that i is 'j-inessential if £ bounds a 7-disk in F. We 
say that i is ^-essential if it is not 7-inessential. 

Definition 2.7 We say that D is a ^-compressing diskfor F if is a 7-disk, 
DCiF = dD, and dD is a 7-essential simple closed curve in F. The surface F 
is 'J -compressible if it admits a 7-compressing disk, and F is 'j -incompressible 
if it is not 7-compressible. We note that if D is a 7-compressing disk for F , 
then we can perform a 7-compression on F along D (Figure 1). 



Definition 2.8 Suppose that dFi = dF2, or dFi n = 0. We say that Fi 
and F2 are ^-parallel, if there is a submanifold R in N such that {R,Rr]'y) is 
homeomorphic to (Fi x [0, 1], [0, 1]) as a pair, where (1) P is a union of points 
in IntFi, and (2) dFi = dF2 and Fi {F2 respectively) is the subsurface of dR 
corresponding to the closure of the component of d{Fi x [0, 1]) — {dFi x {1/2}) 
containing Fi x {0} (Fi x {1} respectively), or dFi D dF2 = and Fi (F2 
respectively) is the subsurface of dR corresponding to Fi x {0} (Fi x {1} 
respectively). The submanifold R is called a ^-parallelism between Fi and 



We say that F is ^-boundary parallel if there is a subsurface F' in dN such 
that F and F' are 7-paralIel. 

Definition 2.9 We say that 5 is a ^-sphere if (1) 5 is a sphere, and (2) either 
S" n 7 = 0, or 5 intersects 7 transversely in two points. We say that a 3-ball 
in is a 7 -ball if either fl 7 = , or B^ 07 is an unknotted arc properly 
embedded in B^ . A 7-sphere S is ^-compressible if there exists a 7-balI B^ 
in such that dB^ = S . A 7-sphere S is -incompressible if it is not 7- 
compressible. We say that is ^-reducible if contains a 7-incompressible 
2-sphere. The manifold A^ is 7 -irreducible if it is not 7-reducible. 



F 




Figure 1 



F2. 



Qeometry & Topology, Volume 5 (2001 ) 



614 



Tsuyosbi Kobayasbi 



Definition 2.10 We say that F is -essential if F is 7-incompressible, and 
not 7-boundary parallel. 

Let a be an arc properly embedded in F with a n 7 = 0. 

Definition 2.11 We say that a is j -inessential if there is a subarc b of dF 
such that db = da, and aUb bounds a disk D in F such that D fl 7 = 0, and 
a is 'y -essential if it is not 7-inessential. 

Definition 2.12 We say that A is a ^-boundary compressing disk for F if 
A is a disk disjoint from 7, A n -F = 9A n F = a is a 7-essential arc in 
F , and A n = (?A n (9A^ = cl(9A — a). The surface F is ^-boundary 
compressible if it admits a 7-boundary compressing disk. The surface F is 7- 
boundary incompressible if it is not 7-boundary compressible. We note that if 
A is a 7-boundary compressing disk for F , then we can perform a 7 -boundary 
compression on F along A . 

Definition 2.13 We say that Fi and F2 are j -isotopic if there is an ambient 
isotopy (f)t (0 < t < 1) of AT such that (?!)o = idN, ^i(i^i) = F2, and ^((7) = 7 
for each 

The next definition gives an orbifold version of compression body (cf (2) of 
Remark 2.1). 

Definition 2.14 Suppose that is a cobordism rel d between two surfaces 

G-l- , G- . We say that (N, 7) is an orbifold compression body (or 0-compression 
body) (with d-\-N = G+, and d-N = G- ) if the following conditions are satis- 
fied. 

(1) Gj^ is not empty, and is connected (possibly, G- is empty). 

(2) No component of G_ is a 7-sphere. 

(3) a7Clnt(G+UG_). 

(4) There exists a union of mutually disjoint 7-compressing disks, say T> , for 
G+ such that, for each component E of the manifold obtained from 
by cutting along X>, either E \s & 7-ball with E n G_ = 0, or {E, jDE) 
is homeomorphic to (G x [0,1],^ x [0,1]), where G is a component of 
G- with E n G- = G X {0} = G and V is & union of mutually disjoint 
(possibly empty) points in G (see Figure 2). 
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Figure 2 



Note that the condition 1 of Definition 2.14 impUes that is connected. We 
say that an 0-compression body (A^, 7) is trivial if either is a 7-ban with 
d+N = dN, or (iV,7) is homeomorphic to (G_ x [0, l],V' x [0, 1]) with G- (c 
dN) corresponding to G_ x {!}, and V a union of mutually disjoint points in 
G-. An 0-compression body (A^, 7) is called an O-handlebody if d-N = 0. A 
7 -compressing disk of d-^-N is called a (j -)meridian disk of the O-compression 
body (Af,7). 

By Z2-equivariant loop theorem [12, Lemma 3], and Z2-equivariant cut and 
paste argument as in [10, Proof of 10.3], we can prove the following (the proof 
is omitted). 

Proposition 2.15 Let N be a compact, orientable 3-manifold, and 7 a i- 
manifold properly embedded in N . Suppose that N admits a 2-fold branched 
cover p: N ^ N with branch set 7. Let F be a (possibly closed) surface 
properly embedded in N , which is in general position with respect to 7. Then 
F is 'J -incompressible ('j -boundary incompressible respectively) if and only if 
p~^{F) is incompressible (boundary incompressible respectively) in N. 

By (2) of Remark 2.1, Definition 2.14, Z2-equivariant cut and paste argument 
as in [10, Proof of 10.3], and Z2-Smith conjecture [21], we immediately have 
the following. 

Proposition 2.16 Let N, 7 be as in Proposition 2.15. Then {N,j) is an 
0-compression body with d±N = G± , if and only if N is a compression body 
with d±N = p-^{G±). 

Since the compression bodies are irreducible (see (1) of Remark 2.1), Proposi- 
tion 2.16 together with Z2-Smith conjecture [21] implies the following. 



Qeometry & Topology, Volume 5 (2001 ) 



616 



Tsuyosbi Kobayasbi 



Corollary 2.17 Let (iV, 7) be an O-compression body. Suppose that N ad- 
mits a 2-fold branched cover with branch set 7. Then N is j -irreducible. 

By (4) of Remark 2.1, and Z2-equivariant cut and paste argument as in [10, 
Proof of 10.3], we have the following. 

Corollary 2.18 Let (iV, 7) be an O-compression body such that N admits a 
2-fold branched cover with branch set 7. Let F be a connected j— incompress- 
ible surface properly embedded in N , which is not a 'j -meridian disk. Suppose 
that dF C d+N. Then there exists a 'y -boundary compressing disk A for F 
such that AndN c d+N . 

Let M be a compact, orientable 3-manifold, and 6 a 1-manifold properly 
embedded in M. Let C be a 3-dimensional manifold embedded in M. We 
say that C is a (5 -compression body if (C, S C) is an O-compression body. 
Suppose that M is a cobordism rel d between two surfaces Gi , G2 (possibly 
Gi = or G2 = 0) such that d5 C Int(Gi U G2) . 

Definition 2.19 We say that CiUpC2 is a Heegaard splitting of (M, 6, Gi, G2) 
(or simply (M, S) ) if it satisfies the following conditions. 

(1) Ci {i = 1,2) is a (5 -compression body such that d-Ci = Gi, 

(2) CiUC2 = M,and 

(3) CinC2 = d+Ci = d+C2 = P. 

The surface P is called a Heegaard surface of {M,S,Gi,G2) (or {M,S)). 
Definition 2.20 

(1) A Heegaard splitting Ci Up C2 of {M,6) is S -reducible if there exist S- 
meridian disks Di , D2 of the ^-compression bodies Ci , C2 respectively 
such that dDi = dD2 . 

(2) A Heegaard splitting C\ Up C2 of (M, 5) is weakly 5 -reducible if there 
exist (5-meridian disks Di , D2 of the (^-compression bodies Ci , C2 re- 
spectively such that dDindD2 = 0. If CiUpC2 is not weakly (5-reducible, 
then it is called strongly 6 -irreducible. 

(3) A Heegaard splitting Ci Up C2 of (M, 6) is trivial if either Ci or C2 is a 
trivial (5-compression body. 
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2.C Genus g, n-bridge positions 

We first recall the definition of a genus g, n-bridge position of H.Doll [4]. Let 
r = 7i U ■ ■ ■ U 7„ be a union of mutually disjoint arcs 7^ properly embedded in 
a 3-manifold N. 

Definition 2.21 We say that T is trivial if there exist mutually disjoint disks 
Di,...,Dn in N such that (1) A n T = dDi n-fi = 7, , and (2) Di n dN = 
d{dDi-ji). 

Let K be a link in a closed 3-manifold M . Let X Uq y be a genus g Heegaard 
splitting of M. Then, with following [4], we say that K is in a genus g, n 
bridge position (with respect to the Heegaard splitting XUqY) if KDX (KDY 
respectively) is a union of n arcs which is trivial in X (Y respectively). 

A proof of the next lemma is elementary, and we omit it. 

Lemma 2.22 Let T be a union of mutually disjoint arcs properly embedded 
in a handlebody H . Then F is trivial if and only if {H, F) is a O-handlebody. 

This lemma allows us to generalize the definition of genus g , n-bridge positions 
as in the following form. Let K, M, and X Uq F be as above. 

Definition 2.23 We say that if is in a genus g, n -bridge position (with 
respect to the Heegaard splitting X\JqY) if XI^qY gives a Heegaard splitting 
of {M,K) such that genus((5) = g, and K consists of 2n points. 

Remark 2.24 This definition allows genus g^ 0-bridge position of K. 

In this paper, we abbreviate genus 0, n-bridge position to n-bridge position. 

Definition 2.25 A knot K in the 3-sphere is called a n-bridge knot., if it 
admits a n-bridge position. 

3 Weakly 7— reducible Heegaard splittings 

In [8] , W Haken proved that the Heegaard splittings of a reducible 3-manifold 
are reducible. As a sequel of this, Casson-Gordon [2] proved that each non- 
trivial Heegaard splitting of a 9-reducible 3— manifold is weakly reducible. In 
this section, we prove orbifold versions of these results. In fact, we prove the 
following. 
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Proposition 3.1 Let N be a compact orientable 3-manifold, and 7 a i- 
manifold properly embedded in N such that N admits a 2-fold branched cover 
with branch set 7 . Suppose that N is a cobordism rel d between two surfaces 
Fi, F2 (possibly Fi = $ or F2 = %) such that dj C Int{Fi U F2) , and no 
component of Fi U F2 is a j-disk. If N is j -reducible, then every Heegaard 
splitting of {N, 7, Fi, F2) is weakly ^ -reducible. 

Proposition 3.2 Let N , 7, Fi, F2 be as in Proposition 3.1. If Fi U F2 is 
'J -compressible in N , then every non-trivial Heegaard splitting of (N, 7, i<i , F2) 
is weakly 'j -reducible. 

Remark 3.3 In the conclusion of Proposition 3.1, we can have just "weakly 
7-reducible ", not "7-reducible ". For example, let -ftT be a connected sum 
of two trefoil knots, and Ci U C2 the Heegaard splitting of {S^,K) as in Fig- 
ure 3. We note that {S^,K) is -reducible (in fact, a 2-sphere giving prime 
decomposition of K is ivT -incompressible) . Since the Heegaard splitting gives 
a minimal genus Heegaard splitting of E{K) , we can show that Ci U C2 is not 
7-reducible. But Ci U C2 admits a pair of weakly -reducing disks Di , D2 
as in Figure 3. 




Di 

Figure 3 



Then, by using Proposition 3.2, we prove an orbifold version of a lemma of 
Rubinstein-Scharlemann [17, Lemma 4.5]. 

Proposition 3.4 Let M be a closed orientable 3-manifold, and K a link in 
M such that M admits a 2-fold branched cover with branch set K . Let A\JpB , 
X Uq Y be Heegaard splittings of (M, K) . Suppose that A C IntX , and there 
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exists a K -meridian disk D of X such that D H A = $. Then we have one of 
the following. 

(1) M is homeomorphic to the Ssphere, and either K = $ or K is a trivial 
knot. 

(2) XUqY is weakly K-reducible. 

3. A Heegaard splittings of {N,Fi,F2) 

For the proofs of Propositions 3.1, and 3.2, we show that we can derive Heegaard 
sphttings of d.{N — N{'y)) from Heegaard splittings of (-/V, 7). 

Lemma 3.5 Let (C, /3) be a 0-compression body such that C admits a 2- 
fold branched cover q: C ^ C with branch set [5. Let C = cl{C — N{f3)), 
S = cl{d+C — N{/3)). Then C is a compression body with d+C = S. 

Proof Let V be the union of mutually disjoint /3-compressing disks for S+C 
as in Definition 2.14. Let Vq (Di respectively) be the union of the components 
of V which are disjoint from /? (which intersect P respectively). Let be a 
component of the manifold obtained from C by cutting along Vq, and E = 

c\{E—N{p)) . Let Vi^E be the union of the components of Vi that are contained 
in E. Let E' be the manifold obtained from E by cutting along T)\^Ei and 
E' = cl{E' — N{f3)). Then we have the following cases. 

Case 1 Enp = ^. 

In this case, Vi^e = 0, and we have E = E = E' = E' . By the definition of (3- 
compression body (Definition 2.14), we see that E{= E) is a trivial compression 
body such that EC^VQC. d+E. 

Case 2 E n l3 ^ Hi, and E nd-C = ^. 

By the definition of /3-compression body, we see that each component of E' is a 
/3-ball intersecting f3 with E'od-C = 0. Hence each component of E' is a solid 
torus, say T , such that T n iV(/3) is an annulus which is a neighborhood of a 
longitude of T. This implies that each component of E' is a trivial compression 
body such that the union of the 9+ boundaries is cl{dE' — iV(/?)). Since E 
is recovered from E' by identifying pairs of annuli corresponding to c\{T)i^e — 
N{P)), we see that the triviality can be pulled back to show that £^ is a trivial 
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compression body with d+E = d{dE - N{(3)) = cl{d+E - N{P)), where E n 
Vq C dj^E . In fact, we see that either £" is a /3-ball or £^ is a solid torus with 
13 n E a core circle. 

Case 3 E n /3 and E nd^C 

By the definition of /3-compression body, for each component E* of E' , we 
have either E* is a /3-ball intersecting /3 with £;* n 5_C = 0, or {E*,E*r] /3) 
is a trivial /3-compression body such that the d- boundary is a component of 
d-C. In either case, E* = cl{E* — N{j3)) is a trivial compression body such 
that d+E* = d{d+E* — N{/3)). Hence E' is a union of trivial compression 
bodies such that the union of the 5+ boundaries is d.{d+E' — N{(3)). Since E 
is recovered from E' by identifying pairs of annuli corresponding to cIIVi^e — 
N{P)) , we see that the triviality can be pulled back to show that E' is a trivial 
compression body with ^-^-E = cl{d+E — iV(/3)) , where E CiVq C d+E. 

By the conclusions of Cases 1, 2 and 3, we see that C is recovered from a union 
of trivial compression bodies by identifying the pairs of disks in d+ boundaries, 
which are corresponding to Vq , and this implies that (7 is a compression body 
(see (2) of Remark 2.1). Moreover, since the d+ boundary of each trivial 
compression body E is d{d+E-N{l3)) , we see that d+C = d{d+C-N{P)) . □ 

Let Ci Up C2 be a Heegaard splitting of (iV, 7, Fi, F2) . Then let N = d{N - 
iV(7)) , P = cl(P - Ar(7)) , Ci = did - iV(7)) , and Fi = d{dCi - N{P, dCi)) 
{i = 1,2). By Lemma 3.5, we see that Ci Up C2 is a Heegaard splitting of 
{N , Fi, F2) . By the definitions of strongly irreducible Heegaard splittings, and 
strongly 7-irreducible Heegaard splittings, we immediately have the following. 

Lemma 3.6 If CiUp C2 is strongly j -irreducible, then Ci Up 6*2 is strongly- 
irreducible. 

3.B Proof of Proposition 3.1 

Let iV, 7 be as in Proposition 3.1, and Ci UpC2 a Heegaard splitting of {N, 7) . 
Let N = d{N - N{j)), and CiUp C2 a Heegaard splitting of (iV,Fi,^2) 
obtained from Ci Up C2 as in Section 3. A. Since (iV, 7) is 7-reducible, there 
exists a 7-incompressible 7 -sphere S in N. Then we have the following two 
cases. 

Case 1 Snj = 0. 
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In this case, we may regard that 5 is a 2-sphere in N . It is clear that S is 
an incompressible 2-sphere in A'^. Hence, by [2, Lemma 1.1], we see that there 
exists an incompressible 2-sphere S' in N such that S' intersects P in a circle. 
Since N C N,we may regard S' is a 2-sphere in N . It is clear that S"nP is a 
7-essential simple closed curve in P, hence, S' P\Ci (i = 1, 2) is a 7-meridian 
disk of Cj . This shows that Ci Up C2 is 7-reducible. 

Case 2 S n 7 7^ (ie, iS n 7 consists of two points). 

We may suppose that (S' n 7) n P = 0. Let S = c\{S - N{j)) . Then S is an 
annulus properly embedded in N such that dS C FrjvA''(7), and dS H P = 0. 

Claim 1 /§ is incompressible in TV. 

Proof If there is a compressing disk D for S , then by compressing S along 
D, we obtain two 2-spheres, each of which intersects 7 in one point. This 
contradicts the existence of a 2-fold branched cover of N with branch set 7 . □ 

Claim 2 5 is not 5-parallel in TV. 

Proof Suppose that S is parallel to an annulus A in dN . Let s = cl{dN — 
(Pi U F2)). Note that s is a (possibly empty) union of annulus. Let P/ = 
cl(Pj-Ar(7)). Then dN = sUFluF^UFrNNij) . Since S is 7-incompressible, 
we see that {F[ U Pg) n ^ 7^ 0. Since no component of Pi U P2 is a 7-disk, 
each component of (P{ L) F2) D A is an annulus. Let A* be a component of 
FrjvTV(7) such that A* contains a component of dS . Let F* be the component 
of (P{UP^)n^ such that F*nA* ^ 0. Note that F*nA* is a component of dA* 
and is also a component of dF* . Let A' be the component of cl{dN — (P{ UP2)) 
such that A' D F* is the component of dF* other than F* CiA* . Then A' is an 
annulus which is either a component of FrjvTV(7) , or a component of s . If A' is a 
component of PrjviV(7) , then the component of P1UP2 corresponding to P* is a 
7-sphere, hence, a component of d^Ci or d-C2 is a 7~sphere, a contradiction. 
If A' is a component of s , then the component of Pi U P2 corresponding to P* 
is a 7-disk, contradicting the assumption of Proposition 3.1. □ 

By Claims 1 and 2, S is 7-essential in N . Suppose, for a contradiction, that 

Ci Up C2 is strongly 7-irreducible. By Lemma 3.6, Ci\Jp C2 is strongly 
irreducible. Then, by [19, Lemma 6] or [16, Lemma 2.3], S is ambient isotopic 
rel 5 to a surface S' such that S' HP consists of essential simple closed curves 
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in S' . We regard S = S' . This means that each component of S fl P is 
a simple closed curve which separates the points 5 H 7. We suppose that 
|>S'n P| is minimal among the 7 -incompressible 7-spheres with this property. 
Let n = \S n P\. Suppose that n = 1, ie, S H P consists of a simple closed 
curve, say £1. Then £1 separates S into two 7-disks, which are 7-meridian 
disks in Ci and C2 respectively. This shows that Ci Up C2 is 7-reducible, a 
contradiction. Suppose that n > 2. Let Di be the closure of a component 
of S - P such that Di n 7 7^ 0. Note that Di is a 7-disk. Without loss of 
generality, we may suppose that Di C Ci . By the minimality of ISnP] , we see 
that Di is a 7-meridian disk of Ci. Let A2 be the closure of the component 
oi S-P such that ^2 n Di 7^ 0. 

Claim 3 A2 is 7-incompressible in C2 ■ 

Proof Suppose that there is a 7~compressing disk D for in C2 . If -Dn7 = 
0, then we have a contradiction as in the proof of Claim L Suppose that 
-D n 7 7^ . Let D2 be the disk obtained from A2 by 7-compressing A2 along 
D such that dD2 = dDi. Since dDi is 7-essential in P, this shows that D2 
is a 7-meridian disk of C2 ■ Hence Ci U C2 is 7-reducible, a contradiction. □ 

Note that dA2 C d^C2- There is a 7-boundary compressing disk A for A2 in 
C2 such that A n 862 C 9+C2 (Corollary 2.18). By the minimality of jS* n P| , 
we see that A2 is not 7-parallel to a surface in 9+C2. Hence, by 7-boundary 
compressing A2 along A , and applying a tiny isotopy, we obtain a 7-meridian 
disk D2 in C2 such that Di fl -D2 = • Hence Ci Up C2 is weakly 7-reducible, 
a contradiction. 

This completes the proof of Proposition 3.1. 
3.C Proof of Proposition 3.2 

Let iV, 7 be as in Proposition 3.2 and Ci Up C2 a Heegaard splitting of (A^, 7) . 
Let N = cl{N - N{j)), and Ci Up C2 the Heegaard splitting of (iV,Fi,P2) 
obtained from Ci Up C2 as in Section 3. A. Let D he & 7-compressing disk for 
F1UF2. 

Case 1 i:» n7 = 0. 

In this case, we may regard that D is a disk in N . It is clear that D is a 
compressing disk of Fi U ^2- Hence, by [2, Lemma 1.1], we see that Ci Up C2 
is weakly reducible. This implies that Ci Up C2 is weakly 7-reducible. 
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Case 2 n 7 7^ (ie, D fl 7 consists of a point). 

Let D = cl{D - N {-/)). 

Claim D is an essential annulus in N. 

Proof By using the argument as in Claim 1 of Case 2 of Section 3.B, we can 
show that D is incompressible in N . Suppose that D is parallel to an annulus 
^ in aiV. Let s, i^' (i = 1,2) be as in Claim 2 of Case 2 of Section 3.B. Let 
A* be the component of Fr7v-/V(7) such that dD C A* , and F* the component 
of F[ U F2 such that F* D dD . By using the argument of the proof of Claim 2 
of Case 2 of Section 3.B, we see that A is disjoint from s U (Prjv-/V(7) — A*), 
hence cl(^ — ^4*) C F* . Hence F* n .4 is an annulus, and this shows that dD 
bounds a 7-disk in Fi U F2 , a contradiction. □ 

Suppose, for a contradiction, that Ci Up C2 is strongly 7-irreducible. By 
Lemma 3.6, CiLlpC2 is strongly irreducible. Then, by [19, Lemma 6] or [16, 
Lemma 2.3], D is ambient isotopic rel 5 to a surface D' such that D' n P 
consists of essential simple closed curves in D' . We regard D = D' . This 
means that each component of n P is a simple closed curve bounding a disk 
in D, which contains the point D n 7. We suppose that |D n P| is minimal 
among the 7-compressing disks for F1UF2 with this property. Let n = jDnPj . 

Suppose that n = 1, ie, -D n P consists of a simple closed curve, say £1. Then 
the closures of the components of D — li consists of a disk, say Di , and an 
annulus, say A2 ■ Without loss of generality, we may suppose that Di C Ci, 
and A2 C C2. Note that a component of dA2 is contained in d-C2, and the 
other in 5+C2. Since C2 is not trivial, there exists a 7-meridian disk D2 in 
C2. It is elementary to show, by applying cut and paste arguments on D2 
and A2, that there is a 7-meridian disk D2 in C2 such that D2 (1 A2 = 0. 
Hence Di D D2 = ^ , and this shows that Ci Up C2 is weakly 7-reducible, a 
contradiction. 

Suppose that n > 2. Let Di be the closure of the component of D — P such 
that Di n 7 7^ 0. Note that Di is a 7-disk. Without loss of generality, we 
may suppose that Di C Ci . By the minimality of \Dr)P\, we see that Di is a 
7-meridian disk of Ci . Let A2 be the closure of the component oi D — P such 
that ^2 n 7^ 0. Then, by using the arguments as in the proof of Claim 3 of 
Case 2 of Section 3.B, we can show that A2 is 7— incompressible in C2. Note 
that dA2 C 9+C2. There is a 7-boundary compressing disk A for A2 in C2 
such that A n 862 C O+C2 (Corollary 2.18). By the minimality of [S" n P|, 
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we see that A2 is not 7-parallel to a surface in . Hence, by 7-boundary 

compressing A2 along A , and applying a tiny isotopy, we obtain a 7-meridian 
disk D2 of C2 such that Dif] D2 = $. Hence Ci Up C2 is weakly 7-reducible, 
a contradiction. 

This completes the proof of Proposition 3.2. 
3.D Proof of Proposition 3.4 

Let P be a union of mutually disjoint, non iiT -parallel, if -meridian disks for 
X such that V H A = We suppose that V is maximal among the unions of 
if -meridian disks with the above properties. Let Z' = N[dX,X) U N{T>,X). 
Then we have the following two cases. 

Case 1 A component of dZ' — dX bounds a if -ball, say Bk, such that 
Bk^A. 

In this case, since SBk C B, and B is K irreducible, dB^ bounds a if -ball 
B'j^ in B (Corollary 2.17). Hence M = Bk^B'^ is a 3-sphere. In particular, if 
if 7^ 0, then KP[Bk (if respectively) is a trivial arc properly embedded 
in Bk {B'j^ respectively). Hence if is a trivial knot. This shows that we have 
conclusion 1. 

Case 2 No component of dZ' — dX bounds a if -ball which contains A. 

Since X is if -irreducible, each of the if -sphere components of dZ' — dX (if 
exists) bounds if -balls in X . By the construction of Z', it is easy to see that 
the if -balls are mutually disjoint. Let Z = Z' V\ (the if -balls) . By (3) of 
Remark 2.1 and Proposition 2.16, we see that Z is a if -compression body 
with d+Z = dX , and by the maximality of D, we see that d-Z consists of 
one component, say F , such that F bounds a if-handlebody which contains 
A. Let N = YUZ. Note that y Uq Z is a Heegaard splitting of (A^, if n A^) . 
Since dN = i^ is a closed surface contained in B, it is if -compressible in 
B (Proposition 2.15). By the maximality of T>, we see that the compressing 
disk lies in N . Hence, by Proposition 3.2, we see that Y Uq Z is weakly if- 
reducible. This obviously implies that X Uq Y is weakly if -reducible, and we 
have conclusion 2. 

This completes the proof of Proposition 3.4. 
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4 The Casson— Gordon theorem 

A Casson and C McA Gordon proved that if a Heegaard splitting of a closed 
3-manifold M is weakly reducible, then either the splitting is reducible, or 
M contains an incompressible surface [2, Theorem 3.1]. In this section, we 
generalize this result for compact M . The author thinks that this generalization 
is well known (eg, [20]). However, the formulation given here will be useful for 
the proof of Theorem 1.1 (Section 7.C). 

Let M be a compact, orientable 3-manifold, and CiL)pC2 a Heegaard splitting 
of M such that P is a closed surface, ie, 9_Ci U3_C2 = dM . Let A = Ai U A2 
be a weakly reducing collection of disks for P, ie, Aj (z = 1,2) is a union of 
mutually disjoint, non-empty meridian disks of Cj such that Ai n A2 = 0. 
Then -P(A) denotes the surface obtained from P by compressing P along A. 
Let -P(A) = -P(A) — (the components of -P(A) which are contained in Ci or 
C2). 

Lemma 4.1 If there is a 2-sphere component in -P(A), then Ci Up C2 is 
reducible. 

Proof Suppose that there is a 2-sphere component S of P{A). We note 

that S D Ci (i = 1,2) is a union of non-empty meridian disks of Cj. Let S = 
cl(iS' — (Ci UC2)). Note that is a planar surface in P. Let A1UA2 be a union 
of mutually disjoint arcs properly embedded in S such that dAi C d{S CiCi), 
and that cl{S — N{Ai U A2, S)) is an annulus, say A' . Let S' be a 2-sphere 
obtained from S by pushing Ai into Ci , and A2 into C2 such that S'dP = A' . 
It is clear that S"nCj (i = 1,2) consists of a disk, say Di, obtained from SdCi 
by banding along Ai . 

Claim Di is a meridian disk of the compression body Cj {i = 1,2). 

Proof Suppose, for a contradiction, that either Di or D2 , say Di , is not a 
meridian disk, ie, there is a disk D in P such that dD = dDi . Note that we 
have either N{Ai,S) C D, or N{Ai,S) C cl(P -D). If N{Ai,S) C D, then 
d{S n Ci) is recovered from dD by banding along arcs properly embedded in 
D. This shows that d{S CiCi) C D, and this implies that each component of 
STlCi is not a meridian disk, a contradiction. On the other hand, if N{Ai, S) C 
cl(P - D), then c\{S - N{Ai,S)) C D. This shows that d{S n C2) C D, 
and this implies that each component of S Ci C2 is not a meridian disk, a 
contradiction. □ 
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Since dDi and dD2 are parallel in P, we see by Claim that Ci Up C2 is 
reducible. □ 

Now we define a complexity c{F) of a closed surface F as follows. 

c{F) = J2ixm - 1), 

where the sum is taken for all components of F . Then we suppose that c(-P(A)) 
is maximal among all weakly reducing collections of disks for P. By Lemma 4.1, 
we see that if the complexity of a component of -P(A) is positive, then Ci UpC2 
is reducible. Suppose that the complexities of the components of -P(A) are 
strictly negative, ic, each component of -P(A) is not a 2-sphere. Then, by the 
argument of the proof of [2, Theorem 3.1], we see that -P(A) is incompressible 
in M . Hence we have the next proposition. 

Proposition 4.2 Let M he a compact, oricntable 3-manifold, and Ci Up C2 
a Heegaard splitting of M with d-C\ U 9_C2 = dM . Suppose that Ci Up C2 
is weakly reducible. Then either 

(1) Ci Up C2 is reducible, or 

(2) there exists a weakly reducing collection of disks A for P such that each 
component of -P(A) is an incompressible surface in M , which is not a 
2-sphere. 

Note that, in [2], M is assumed to be closed. However, it is easy to see that the 
arguments there work for Heegaard splittings Ci UC2 such that 5_Ci U9_C2 = 
dM. 

The following is a slight extension of [1, Lemme 1.4]. Let M, CiUpC2, A be as 
above. Suppose that we have conclusion 2 of Proposition 4.2. Let Mi, . . . , M„ 
be the closures of the components of M — -P(A) . Let Mj^i = Mj fl Q (j = 
l,...,n,i = 1,2). 

Lemma 4.3 For each j , we have either one of the following. 

(1) Mj- 2 n P C Int{Mj^i n P) , and Mj^i is connected. 

(2) Mj^i n P C Int{Mj^2 n P) , and Mj^2 is connected. 

Proof Recall that Aj is the union of the components of A that are contained 
in Cj (i = 1, 2) . We see, from the definition of P(A) , that each Mj is obtained 
as in the following manner. 
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(*) Take a component TV of cl{Ci - N{Ai, d)) (i = 1 or 2, say 1) 
such that there exists a component D2 of A2 such that dD2 C N . 
Let N' = A''U(the components of A''(A2, C2) intersecting N). Then 
Mj = N'[J{the union of components N2 of cl(C2 -iV(A2, C2)) such 
that {N2nP) C (NnP)). 

It is clear that this construction process gives conclusion L If A/" is a component 
of cl(C2 — N{A2, C2)) , then we have conclusion 2. □ 

We note that each component of Frc.(Mj is a meridian disk of Q, which 
is parallel to a component of A. Recall that -P(A) is obtained from P(A) by 
discarding the components each of which is contained in Ci or C2 ■ These imply 
that each component E of M^.j inherits a compression body structure from Cj 
(see (3) of Remark 2.1), ic, d+E = (E n d+Q) U Fr^l-E). Then we can obtain 
a splitting, denoted by Cj^i Up^. Cj^2, of Mj as follows ([1, Lemme 1.4]). 

Suppose that Mj satisfies conclusion 1 (2 respectively) of Lemma 4.3. 
Recall that Mj^i [Mj^ respectively) inherits a compression body struc- 
ture from Ci {C2 respectively). Then let 

C,-i = cl(M,-i - iV(5+M,-i,M,-i)) (C,-2 = cl(M,-2 - iV(9+M,- 2, M,- 2)) 
respectively), and 

Cj-2 = N{d+Mj^uMj,i) U Mj-2 {Cj^i = N{d+Mj,2,Mj,2) U Mj,i respec- 
tively) . 

Lemma 4.4 Suppose that each component of -P(A) is not a 2-sphcrc. Then 
each Cj^i is a compression body such that, for each j, we have d+Cj^2 = 
d+Cj^i = Cj^i n Cj^2, ie, Cj^i Up. Cj^2 is a Heegaard spUtting of Mj . 

Proof Since the argument is symmetric, we may suppose that Mj satisfies 
conclusion 1 of Lemma 4.3. Since Mj^i is a compression body, it is clear that 
Cj^i is a compression body. Let Vi = Frc2Mj^2- There is a union of mutually 
disjoint meridian disks, say 1)2 , of Mj^2 such that D2nPi = 0, and each compo- 
nent of the manifold obtained from Mj^2 by cutting along ©2 is homeomorphic 
to either a 3-ball or G x [0, 1] , where G is a component of d-Mj^2 with G x {0} 
corresponding to G. Hence Gj^2 {= N{d+Mj^i, Mj^i) U Mj^2) is homeomorphic 
to a manifold obtained from N{d+Mj^i, Mj^i) (= d+Mj^i x [0,1]) by attach- 
ing 2-handles along the simple closed curves corresponding to d{T>i U 'D2) in 
d^Mj^i X {1}, and capping off some of the resulting 2-sphere boundary com- 
ponents. By the definition of compression body (Section 2. A), this implies that 
Cj^2 is a compression body, unless there exists a 2-sphcre component S of dGj^2 , 
which is disjoint from N{d+Mj^i, Mj^i) n Cj^i (= d+Mj^i x {0}) . However such 
5" must be a component of -P(A) , a contradiction. □ 
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Let M, Ci Up C2, A, Mj, Mj^i, and Cj^i Lip. Cj,2 be as above. 

Lemma 4.5 Suppose that each component of -P(A) is not a 2-sphere. If dM 
is incompressible in M , then each compression body Cj^i is not trivial. 

Proof Suppose that some compression body is trivial. By changing subscripts 
if necessary, we may suppose that Ci^i is trivial. Then we claim that Mi^2^P C 
Int(Mi^i n P) , ic, we have conclusion 1 of Lemma 4.3. In fact, if we have 
conclusion 2 of Lemma 4.3, then Ci^i = A^(9+Mi^2) -^^1,2) U Mi^i. However 
this expression obviously implies Ci^i is not trivial, a contradiction. Hence 
Ci,i = cl(Mi^i — Af(5+Mi^i,Mi^i)), and this implies that Mi^i is a trivial 
compression body such that (?_Mi 1 is a component of dM . Let D be any 
component of Frc2^''h,2- Then by extending D vertically to Mi^i, we obtain 
a disk D properly embedded in M. Since each component of -P(A) is not a 
2-sphere, dD is not contractible in dM. Hence -D is a compressing disk of 
dM, a contradiction. □ 

Lemma 4.6 If some Cj^i Up. Cj^2 is reducible, then Ci Up C2 is reducible. 

Proof We prove this by using an argument of C.Frohman [5, Lemma 1.1]. If 
M is reducible, then by [2, Lemma 1.1], we see that any Heegaard splitting of 
M is reducible. Hence we may suppose that M is irreducible. If a component 
of P(A) is a 2-sphere, then Ci Up C2 is reducible (Lemma 4.1). Hence we may 
suppose that each component of P(A) is not a 2-sphere (hence, Cj^i Up^. Cj^2 is 
a Heegaard splitting of Mj). Since the argument is symmetric, we may suppose 
that the pair Mj^i, Mj^2 satisfies conclusion 1 of Lemma 4.3. By [2, Lemma 
1.1], there exists an incompressible 2-spherc S in Mj such that S intersects 
Pj in a circle. Let Di = S D Cj^i. Note that Di is a meridian disk of Cj,i. 
Since M is irreducible, S bounds a 3-ball i?^ in Mj . Let C'j ^ be the closure 
of the component of Cj^i - Di such that ^ C . Since dM n 5^ = 0, we 
see that ^ is a handlcbody, ic, d-C[j ^ = 0. Let X be a spine of Cj and 
Mx = cl(M — N{X,Ci)) . It is clear that S is an incompressible 2-sphere in 
Mx, and P is a Heegaard surface of Mx- Hence, by [2, Lemma 1.1], there 
exists an incompressible 2-sphere Sx in Mx such that Sx intersects P in a 
circle. It is obvious that the 2-sphere Sx gives a reducibility of Ci Up C2 . □ 



5 Reducing genus g, n— bridge positions 

Let K he a, knot in a closed, oricntablc 3-manifold M . Let Vi L) V2 be a 
Heegaard splitting of M , which gives a genus g, n-bridge position of K with 
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n > 1. Let a be a component K OVi (i = 1 or 2, say 2). Let V( = 
Vi U N{a,V2), and = cl{V2 - N{a,V2)). By the definition of genus g, n- 
bridge positions, it is easy to see that VIUV2 gives a genus ((7+I) , (n— l)-bridge 
position of K . We say that the Heegaard sphtting U V^' is obtained from 
Vi U V2 by a tubing (along a). See Figure 4. 




Figure 4 



We say that a knot X in M is a core knot if there is a genus one Heegaard 
sphtting V UW oi M such that K \s a. core curve of the sohd torus V , ie, 
K admits a genus one, 0-bridge position. Note that if M is a 3-sphere, then 
X is a core knot if and only if ii' is a trivial knot. We say that K is small 
if the exterior E(K) of K does not contain a closed essential surface. We say 
that a surface F properly embedded in E{K) is meridional if dF is a union 
of non-empty meridian loops. We note that [3, Theorem 2.0.3] implies that if 
M is a 3-sphere and K is small, then E{K) does not contain a meridional 
essential surface. 

Proposition 5.1 Let K he a knot in a closed orientable 3-manifold M with 
the foUowing properties. 

(1) M is K -irreducible. 

(2) There exists a 2-fold branched covering space of M with branch set K . 

(3) K is not a core knot. 

(4) K is small and there does not exists a meridional essential surface in 
E{K). 



Geometry & Topology, Volume 5 (2001 ) 



630 



Tsuyosbi Kobayasbi 



Let Ci Up C2 be a Heegaard splitting of M , which gives a genus g, n-bridge 
position of K . Suppose that Ci Up C2 is weakly K— reducible. Then we have 
either one of the following. 

(1) There exists a weakly K -reducing pair of disks E\, E2 in C\, C2 respec- 
tively such that Ei^K = $, and £'2 fl K = 0. 

(2) There exists a Heegaard splitting Hi U H2 of M , which gives a genus 
{g — 1) (n + I) -bridge position of K such that Ci U C2 is obtained from 
Hi Li H2 by a tubing. 

Remark 5.2 Note that, in Proposition 5.1, if 51 = 0, then we always have 
conclusion 1. 

Proof Let Di , D2 be a pair of ii' -essential disks in Ci , C2 respectively, which 
gives a weak i^-reducibility of Ci U C2 . If I?i n X = and D2 n -ftT = , then 
we have conclusion 1. Hence in the rest of the proof, we may suppose that 
Di n if 7^ . We have the following two cases. 

Case 1 D2 nET = 0. 

In this case, we first show the following. 

Claim 1 If Di is separating in Ci, then we have conclusion 1. 

Proof Let C( , €'{ be the closures of the components of Ci — Di such that 

dD2 C dC'i . Then C[ is a if-handlebody which is not a if -ball. Hence there 
exists a if -essential disk D[ in €[ such that i)^ n if = 0, and D[ D Di = $ 
(hence, D[ is properly embedded in Ci). See Figure 5. It is clear that D[ is 
a if -meridian disk of Ci . Hence, by regarding, Ei = D[, E2 = D2, we have 
conclusion 1. □ 

By Claim 1, we may suppose that Di is non-separating in Ci. Let P' be the 
surface obtained from P by if -compressing along Di , and P' = P' H E{K) . 
We note that P' separates M into two components, say C( and C2, where 
C'l is obtained from Ci by cutting along Di. Let C' = C- fl E{K) {i = 1,2). 
Hence, by Section 3.B, we see that C'l is a compression body with S+Cj = P' . 
Let P be a union of maximal mutually disjoint, non parallel compressing disks 
for P' such that T> <Z C2. Note that since D2 is a compressing disk for P' such 
that D2 C C2, there actually exists such V. Let C^' = N{P',C'2) U N{V,C!2). 
Note that C'2 is homeomorphic to C2 n £^(if) = cl(C2 - N{K)), hence, C2 is 
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Di' dD2 

Figure 5 



irreducible (Section 3. A). Hence the 2-sphere components S (possibly 5 = 0) of 
dC'^ - P' bounds mutually disjoint 3~balls in . Let Q = C'<1 U (the 3-balls) . 
Then C| is a compression body such that 5+C| = P' . Let P* = c^-Cg. 

Claim 2 If P* is compressible in E{K), then we have conclusion 1. 

Proof Suppose that there exists a compressing disk E of P* in E{K) . Let 
M* = C( U C2 . By the maximality of 2? , we see that E is contained in M* . 
Note that C[ Up, is a Heegaard splitting of M*, and C 5_C|. Hence, 
by [2, Lemma 1.1], we see that C[ Up, C| is weakly reducible, and this implies 
conclusion 1. □ 

By Claim 2, we may suppose that P* is incompressible in E{K) . Note that each 
component of dP* is a meridian loop of K . Since K is small and there does 
not exist a meridional essential surface in E{K) , we see that each component of 
P* is a boundary parallel annulus properly embedded in E{K) . Recall that S 
is the union of the 2-sphere components of — P' ■ Note that we can assign 
labels Ci and C2 to the components of E{K) — (P* US) alternately so that the 
C2 region are contained in C2 , and that P' is recovered from P*L)S by adding 
tubes along mutually disjoint arcs in Ci -regions. Recall that P' is connected. 
Since each component of P* U5 is separating in E{K) , this shows that exactly 
one component of E{K) — [P* U 5) is a Ci -region. Let P* be a surface in 
M obtained from P* by capping off the boundary components by mutually 
disjoint -disks in N[K) (hence, via isotopy, P' is recovered from P* \J S by 
adding the tubes used for recovering P' from P* U 5 ) . Then each component 
of P* U 5 is a X-sphere. Since M is X -irreducible, the components of P* U 5 
bounds i^T-balls, say Pi, ... , Bm, in M . 
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Claim 3 The X-balls Bi, . . . ,Bm are mutually disjoint. 

Proof Suppose not. By exchanging the subscript if necessary, we may suppose 
that B2 C Bi. Since there exists exactly one Ci -region, this implies that the 
-balls B2,...,B m are included in Bi in a non-nested configuration. Hence 
P' is contained is the if -ball Bi . See Figure 6. Note that P is recovered from 
P' by adding a tube along the component of K — P' , which intersects Di . 
Hence we see that P is contained in a regular neighborhood of K, say Nk- 



Note that cl(M — A'^^-) is contained in C2. Since C2 is a if -compression 
body, there exists a if -compressing disk D]\f for ONk in €2- Suppose that 
D]y C Nk ■ Since A''^ is a regular neighborhood of K, we see that c^A''^ — 
N{Dn,Nk)) is a if -bah. Since C2 is if -irreducible, cI{M-Nk)LIN{Dn,Nk) 
is also a if -ball. These show that M is the 3-sphere, and if is a trivial knot, 
contradicting the condition 3 of the assumption of Proposition 5.1. Suppose 
that Dn C cl{M — Nk) ■ Since M is if -irreducible, we see that c\{M — Nk) is 
irreducible. This shows that we obtain a 3-ball by cutting cl(M — Nk) along 
Dn- This shows that cl(M - Nk) is a solid torus. Hence Nk U c1(M - Nk) 
is a genus one Heegaard splitting of M . Hence if is a core knot, contradicting 
the condition 3 of the assumption of Proposition 5.1. 

This completes the proof of Claim 3. □ 

Recall that P' is the surface obtained from P by if -compressing along Di , and 
C[ , 6*2 the closures of the components of M — P', where C[ is obtained from Ci 
by cutting along Di. By Proposition 2.16 and (3) of Remark 2.1, C[ is a if- 
handlebody. By Claim 3, we see that the Ci -region is cl{M -{U'^^Bi))nE{K) . 
Hence P' is recovered from dBiU- ■ - UdBm by adding tubes along arcs properly 
embedded in cl(M — (U^^i?j)). Hence, we see that C2 is obtained from the 



Nk 




Figure 6 
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if -balls Bi,... , Bm by adding l-handles disjoint from K . Hence C2 is also 
a if-handlebody. These show that P' is a Heegaard surface for (M, K) . It is 
clear that C( U C2 gives a genus (g — 1), (n + 1) bridge position of K, and 
Ci U C2 is obtained from C[ U by a tubing along a component of if n (Ui?j) . 

Hence, by regarding Hi = €[, H2 = C2, we have conclusion 2 of Proposi- 
tion 5.1. 

Case 2 D2nif^0. 

In this case, we first show the following. 

Claim 1 If dDi (i = 1 or 2) is separating in P, then we have conclusion of 
Proposition 5.1. 

Proof Since the argument is symmetric, we may suppose that dD2 is sepa- 
rating in P. This implies that D2 is separating in C2. Let C2, C2 be the 
closures of the components of C2 — D2 such that dDi C C2 ■ Then C2 is a 
if-handlebody which is not a if -ball. Hence there exists a if -essential disk 
D2 in C2 such that Di^nK = $, and D2 f) D2 = <li (hence, D2 is properly 
embedded in C2). See Figure 5. It is clear that D2 is a if -meridian disk of 
C2 ■ Hence by applying the arguments of Case 1 to the pair Di, D2, we have 
conclusion of Proposition 5.1. □ 

Let P' be the surface obtained from P by if -compressing along Di U D2 , and 
P' = P'n E{K) . Let C[ , C'2 be the closures of the components of M - P' such 
that C'l is obtained from Ci by cutting along Di and attaching N{D2,C2) , 
and C2 is obtained from C2 by cutting along D2 and attaching N{Di,Ci). 
Then let C^ = C^r\ E{K) [i = 1,2). 

Claim 2 If P' is compressible in E{K), then we have conclusion of Proposi- 
tion 5.1. 

Proof Suppose that there is a compressing disk D for P' in E{K) . Since the 
argument is symmetric, we may suppose that C C2 . We may regard that D 
is a compressing disk for P' . Since P is recovered from P' by adding two tubes 
along a component of if PI C( and a component of if fl C2 , we may suppose 
that DnP = dD. Hence D is a if -meridian disk of C2 such that i) n if = 0. 
Hence, by applying the arguments of Case 1 to the pair Di, D, we have the 
conclusion of Proposition 5.1. □ 
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By Claims 1 and 2, we see that, for the proof of Proposition 5.1, it is enough 
to show that either (1) dDi (f = 1 or 2) is separating in P, or (2) P' is 
compressible in E(K). Suppose that dDi (i = 1,2) is non-separating in P, 
and that P' is incompressible in E{K). Then, by the argument preceding 
Claim 3 of Case 1, we see that each component of P' is a -sphere, and P 
is recovered from P' by adding tubes along two arcs Oi , 02 such that Oj is 
a component of K (1 C'^ {i = 1,2), and that ai n 02 = 0. Note that P is 
connected. Since dDi, dD2 are non-separating in P, we see that P' consists 
of one X-sphere, or two K-spheres, and this shows that K n C'^ consists of 
one arc, or two arcs. But since is a knot, we have ai R 02 7^ in either case, 
a contradiction. Hence we have the conclusion of Proposition 5.1 in Case 2. 

This completes the proof of Proposition 5.1. □ 

6 Heegaard splittings of (5^, two bridge knot) 

In this section, we prove the following. 

Proposition 6.1 Let K be a non-trivial two bridge knot, and XUqY a Hee- 
gaard splitting of , which gives a genus g, n-bridge position of K . Suppose 
that {g, n) ^ (0, 2) . Then X\JqY is weakly K -reducible. 

Proposition 6.2 Let K be a non-trivial two bridge knot. Then, for each 
g > S, every genus g Heegaard splitting of the exterior E{K) of K is weakly 
reducible. 

6. A Compciring X UqY with a two bridge position 

Let AUp B be a genus Heegaard splitting of , which gives a 2-bridge 
position of K. Then, by [14, Corollary 6.22] (if n > 1) or by [13, Corollary 3.2] 
(if n = 0), we have the following. 

Proposition 6.3 Let X UqY be a Heegaard splitting of , which gives a 
genus g, n-bridge position of K . If X Uq Y is strongly K -irreducible, then 
Q is K-isotopic to a position such that PDQ consists of non-empty collection 
of transverse simple closed curves which are K -essential in both P and Q. 

In this subsection, we prove the following proposition. 
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Proposition 6.4 Let X Uq Y be a Heegaard splitting of , which gives a 
genus g, n-hridge position of K with {g,n) / (0,2). Suppose that P (1 Q 
consists of non-empty collection of transverse simple closed curves which are 
K -essential in both P and Q . Then X Uq Y is weakly K -reducible. 

We note that Proposition 6.1 is a consequence of Propositions 6.3 and 6.4. 

Proof of Proposition 6.1 from Propositions 6.3 and 6.4 Let X Uq Y 

be a Heegaard splitting of 5^, which gives a genus g, n -bridge position of 
K with (5, n) 7^ (0, 2) . Suppose, for a contradiction, that X Uq Y is strongly 

-irreducible. Then, by Propositions 6.3, we may suppose that P r\Q con- 
sists of non-empty collection of transverse simple closed curves which are K- 
essential in both P and Q. By Propositions 6.4, we see that X Uq Y is weakly 

-reducible, a contradiction. □ 

Proof of Proposition 6.4 First of all, we would like to remark that the proof 
given below is just an orbifold version of the proof of [17, Corollary 6.4]. We 
suppose that |PnQ| is minimal among all surfaces P such that P gives a two 
bridge position of K , and that PflQ consists of non-empty collection of simple 
closed curves which are X-essential in both P and Q. Note that the closure 
of each component of P — Q is either an annulus which is disjoint from K , or 
a disk intersecting K in two points. We divide the proof into several cases. 



B 




Figure 7 



Case 1 Each component of PnX is not -boundary parallel in X, and each 
component of P H 1" is not i^T -boundary parallel in Y . 

Case 1 is divided into the following subcases. 

Case 1.1 P n X contains a component which is -compressible in X, and 
P r\Y contains a component which is -compressible in Y 
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In this case, by if -compressing the components in X and Y , we obtain K- 
meridian disks Dx , Dy in X , Y respectively. By applying a slight ii'-isotopy 
if necessary, we may suppose that Dx n Dy = , and this shows that X Uq Y 
is weakly K -reducible. 

Case 1.2 Either PnX or PDY , say PCiX , contains a component which is 
if -compressible in X , and each component of P CiY is if -incompressible in 
Y. 

Let Dx be a if -meridian disk obtained by if -compressing the component of 
PnX. Note that P CiY is if -boundary compressible in Y (Corollary 2.18). 
Let Dy be a disk in Y obtained by if -boundary compressing PDY. By the 
minimality oi \P r\Q\, we see that Dy is a if -meridian disk in Y. Since dDx 
is a component of P (1 Q, wc may suppose that Dx H Dy = by applying a 
slight if-isotopy if necessary. This shows that X Uq Y is weakly if -reducible. 

Case 1.3 Each component of P fl X is if -incompressible in X , and each 
component of P PI y is if -incompressible in Y . 

Let Dx (Dy respectively) be a if -meridian disk obtained by if -boundary 
compressing POX {PHY respectively). By applying slight isotopies, we may 
suppose that dDx n P = 0, dDy n P = (hence, dDx C A oi B, dDy c A 
or B). If one of dDx or dDy is contained in A, and the other in B, then 
Dx n Dy = 0, and this shows that X Ug Y is weakly if -reducible. Suppose 
that dDx U dDy is contained in ^ or P , say A . Let Db be a if -meridian 
disk in B (ie, Db is a disk properly embedded in B such that DbHK = 9 , and 
Db separates the components of if H P). Note that since each component of 
PnX, PnY is if -incompressible, Db^Q ^ 0. We take Db so that |P>BnQ| 
is minimal among all if -essential disks D' in B such that each component of 
P'n(PnX) {D' r\{Pr\Y) respectively) is a if -essential arc properly embedded 
in PnX (P DY respectively). Suppose that Db^iQ contains a simple closed 
curve component. Let D*(g Db) be an innermost disk. Since the argument 
is symmetric, we may suppose that D* C X . By the minimality of \Db fl Q\, 
we see that D* is a if -meridian disk in X . Since D* C B , dD* n dDy = 0. 
Hence the pair D* , Dy gives a weak if-reducibility of X Uq Y . Suppose that 
each component of Db n Q is an arc. Let A(c Db) be an outermost disk. 
Since the argument is symmetric, we may suppose that A C X . Recall that 
A n (P n X) is a if -essential arc in PnX. By the minimality of \DBnQ\, we 
sec that at least one component, say D** , of the surface obtained from PnX by 
if -boundary compressing along A is a if -meridian disk in X. Since A C P, 
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dD** n dDy = . Hence the pair D** , Dy gives a weak iT-reducibility of 
XUqY. 

Case 2 A component POX or PCiY, say POY , is -boundary parallel 
in Y. 

By the minimality of |P n Q| , we have either \PriQ\ = 1 (and PCiY {P f] X 
respectively) is a disk intersecting K in two points) or, |PnQ| = 2 (and PCiY 
is an annulus disjoint from K). 

Case 2a |PnQ| = 1. 

Let Px = P Ci X and Py = P DY . Let E be the closure of the component 
oi Q — P such that E and Py are -parallel in Y . Since the argument is 
symmetric, we may suppose that E C A. We have the following subcases. 

Case 2a. 1 Px is -boundary parallel in X 

Since {g,n) ^ (0,2), Px is parallel to E in A, and cannot be parallel to 
cl(Q-^). 




Figure 8 



Let Db be a -meridian disk in B. Since K is not a trivial knot, DDb 
and dE are not isotopic in P — K . Hence Db r\ Q ^ 0. We suppose that 
\Db n Q\ is minimal among all -meridian disks D' in B such that each 
component of D' fi Px {D' n Py respectively) is a -essential arc in Px 
{Py respectively). Suppose that Db ri Q contains a simple closed curve. Let 
-D*(c Db) be an innermost disk. Since the argument is symmetric, we may 
suppose that D* C X . By the minimality of \Db r)Q\, we see that D* is a 
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iiT -meridian disk in X. Then by pushing Dy into X along the paralleHsm 
through E, we can _FC -isotope P to P' such that P' C IntX, and P' CiD* = 0. 
Hence, by Proposition 3.4, we see that XUqY is weakly iiT -reducible. Suppose 
that each component of DbHQ is an arc. Let A(c -D^) be an outermost disk. 
Since the argument is symmetric, we may suppose that A C X . See Figure 8. 

Claim At least one component of the disks obtained from Px by -boundary 
compressing along A is a ivT -meridian disk. 

Proof Let D' , D" be the disks obtained from Px by K-boundary compress- 
ing along A. Suppose that D' is -boundary parallel, ie, there exists a i^-disk 
Dq in Q such that ODq = dD' . Note that since D' U D" is obtained from 
Px by -boundary compressing along A, there is an annulus Aq is Q such 
that OAq = dD' U dD" , and that Aq D K = E n K: two points. Note also 
that DqP[K consists of one point. Hence Aq is not contained in Dq, and this 
implies that Aq n Dq = dD' . Then Aq U Dq is a disk intersecting K in three 
points, whose boundary is dD" . Since {g,n) ^ (0,2), cl{Q — [AqU Dq)) is not 
a K-disk. Hence D" is a ii' -meridian disk in X . □ 

Let D" be a K-meridian disk in X obtained as in Claim. By applying a slight 
isotopy, we may suppose that P fl D" = 0. Then by pushing Py into X along 
the parallelism through E, we can i^-isotope P to P' such that P' C IntX, 
and P' n D" = 0. Hence, by Proposition 3.4, we see that X Uq Y is weakly 
-reducible. 

Case 2a.2 Px is not i^T -boundary parallel in X , and Px is K-incompressible 
in X, ie, Px is -essential in X. 

Since Px is K-incompressible, there is a if-boundary compressing disk A for 
Px in X. 

Claim Ac B. 

Proof Suppose that A C A. Note that KCiE consists of two points in Int£^, 
and An£^ is an arc properly embedded in E, which separates the points. Then, 

by i^-boundary compressing Px along A, we obtain two -disks. Since X is 
i^' -irreducible, these ii' -disks are i^-boundary parallel in X . This shows that 
Px is -fC -boundary parallel in X , contradicting the condition of Case 2a.2. □ 
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Then, by using the argument of the proof of Claim of Case 2a. 1, we see that 
at least one component, say D" , of the X-disks obtained from Px by K- 
boundary compressing along A is a -meridian disk in X. By applying a 
slight isotopy, we may suppose that D" n P = 0. By Claim, we see that 
dD" C B. Then by pushing Py into X along the parallelism through E, we 
can -isotope P to P' such that P' C IntX , and P' n L>" = 0. Hence, by 
Proposition 3.4, we see that X Ug Y is weakly ii' -reducible. 

Case 2a. 3 Px is not X-boundary parallel in X , and Px is i^' -compressible 
in X. 

Let D be the X -compressing disk for Px ■ Since there does not exist a 2- 
sphere (c S"^) intersecting K in three points, D Ci K = ifi. Let D* be the disk 
component of a surface obtained from Px by -compressing along D. Since 
{g, n) 7^ (0, 2) , we see that D* is a -meridian disk of X . By applying a slight 
isotopy, we may suppose that D* n P = 0. Suppose that D* C B. Then by 
pushing Dy into X along the parallelism through E, we can X-isotope P to 
P' such that P' C IntX, and P' n P>* = 0. Hence, by Proposition 3.4, we 
see that X Uq Y is weakly X-reducible. Hence, in the rest of this subcase, 
we suppose that D* C A (Figure 9). Let -D^ be a -meridian disk in B. 
Since K is not a trivial two component link, dD and dDs are not isotopic in 
P — K . Hence Db Ci Q ^ ^. We suppose that \Db riQ\ is minimal among all 
X-meridian disks D' in B such that each component of D' fl Px (D' fl Py 
respectively) is a ii' -essential arc in Px (Py respectively). 



Suppose that Db n Q contains a simple closed curve. Let D**{c Db) be an 
innermost disk. By the minimality of iD^nQI , we see that dD** is X-essential 
in Q. Note that dD** C B. U D** CY, then the pair D** , D* gives a weak 
i^-reducibility of X Uq Y . If D** C X , then by pushing Py into X along 
the parallelism through E, we can -isotope P to P' such that P' C IntX, 
and P' n D** = 0. Hence, by Proposition 3.4, we see that X Uq Y is weakly 
-reducible. 




D 



Figure 9 
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Suppose that each component of Db HQ is an arc. Let A(c Db) be an 
outermost disk. If A C X, then by using the argument as in the proof of 
Case 2a. 1, we see that X UqY is weakly iiT -reducible. Suppose that A C y. 
Then, by using the argument as in the proof of Claim of Case 2a.l, we can show 
that at least one component , say D" , of the if -disks obtained from Py by 
if -boundary compressing along A is a if -meridian disk in Y . By applying 
slight if-isotopy, we may suppose that D" C B. Hence the pair D* , D" gives 
a weak if -reducibility of X UqY. 

Case 2b |PnQ| = 2. 

Let Di , D2 be the components of P D X , and Ai = PHY . Recall that Ai is 
a if -boundary parallel annulus in Y such that Aif] K = $, and that Di, D2 
are not if -boundary parallel. Wc also note that dDiUdD2 bounds an annulus 
A' in Q such that Ai and A' are if -parallel in Y . Without loss of generality, 
we may suppose that A' is contained in the 3-ball A. 

Case 2b. 1 Di Ul?2 is if -incompressible in X. 

Since Di U D2 is if -incompressible, there is a if -boundary compressing disk 
A for Di U D2 ■ Without loss of generality, we may suppose that A n Di ^ , 
Ani)2 = 0- Since Di is not if -boundary parallel, at least one component, say 
D** , of the if -disks obtained from Di by if -boundary compressing along A 
is a if -meridian disk in X . By applying a slight if-isotopy, we may suppose 
that D** nP = 0. 

Claim D** CB. 

Proof Suppose, for a contradiction, that D** C A. Then dD** is contained 
in the annulus A' bounded by dDi U dD2 ■ We note that D** intersects if in 
one point. Hence dD** is not contractible in Q. This shows that dD** is a 
core curve of A' . Let A" be the annulus in A' bounded by dD** U dDi . Then 
the 2-sphere Di U A" U D** intersects if in three points, a contradiction. □ 

By Claim we see that, by pushing Ai into X along the parallelism through A' , 
we can if -isotope P to P' such that P' C IntX. By the above claim, we may 
suppose that P' n D** = 0. Hence, by Proposition 3.4, we see that X UqY is 
weakly if -reducible. 

Case 2b. 2 Di U D2 is if -compressible. 
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Let D be the X -compressing disk for Di U D2 ■ Without loss of generahty, we 
may suppose that D n Di 7^ 0, D n D2 = 0. Let D* be a ii' -meridian disk of 
X obtained from Di by X -compressing along D. By applying slight isotopy, 
we may suppose that D* n P = 0. Suppose that D* C B. By pushing Ai 
into X along the parallelism through A' , we can ii' -isotope P to P' such that 
P' C IntX, and P' (iD* = ^. Hence, by Proposition 3.4, we see that X UqY 
is weakly K -reducible. 



Suppose that D* C A (Figure 10). Let Db he a X-meridian disk in B. Since 
K is not a trivial two component link, dD and ODb are not isotopic in P — K. 
Hence Db r\ Q ^ 0. We suppose that \Db r\ Q\ is minimal among all K- 
essential disks D' in B such that each component of D' ODi (D' nD2, D' OAi 
respectively) is a -essential arc in Di {D2, Ai respectively). Suppose that 
Db r) Q contains a simple closed curve component. Let D' be an innermost 
disk. By the minimality of {DbDQI, we see that dD' is -essential in Q . Note 
that dD' C B . li D' CY , then the pair D' , D* gives a weak JC-reducibility of 
X L)q Y . If D' C X , then by pushing Ai into X along the parallelism through 
A' , we can -isotope P to P' such that P' C IntX, and P' n D' = 0. Hence, 
by Proposition 3.4, we see that X Ug Y is weakly -reducible. Suppose that 
each component of Db PiQ is an arc. Let A(c Db) be an outermost disk. If 
A C X, then by using the argument as in the proof of Case 2b. 1, we see that 
X UqY is weakly -reducible. Suppose that A C y. Let D** be the disk 
obtained from Ai by ET-boundary compressing along A. 

Claim D** is a if-meridian disk of Y . 

Proof Suppose that D** is not a i^T -meridian disk of Y , ie, D** is -parallel 
to a disk, say D" , in dY{= Q) . Since A C P, we see that D" C d{Q - A'). 
Note that cl{Q — A') is recovered from D" by adding a band along an arc 
intersecting A fi Q in one point. This shows that cl{Q — A') is an annulus not 




X 



Figure 10 
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intersecting K. Hence Q is a torus, and X is a solid torus such that QCiK = 
However, since D* is a meridian disk of X , this imphes that X is if -reducible, 
contradicting Corollary 2.17. □ 

By Claim, we see that, by applying a slight isotopy, we may suppose that 
D** n P = 0, and D** C B. Hence the pair D* , D** gives a weak K- 
reducibility of X UqY . 

This completes the proof of Proposition 6.4 □ 



6.B Proof of Proposition 6.2 

Let K he & non-trivial two bridge knot, and C Up V2 a genus g Heegaard 
splitting of E{K) with g > 3. Note that K satisfies the conditions of the 
assumption of Proposition 5.1. Let Vi be the handlebody in such that 
dVi = P, and C cVi. Then Vi U V2 is a Heegaard splitting of which gives 
a genus g, 0-bridge position of K. By Propositions 6.1 and 5.1, we have either 
one of the following. 

(1.1) There exists a weakly if -reducing pair of disks Di, D2 for Vi U V2 such 
that Di n if = 0, and D2 n if = 0. 

(1.2) There exists a Heegaard splitting Vi^i Up^ Vi^2 of {S'^,K) which gives 
a genus (g — 1), 1-bridge position of if such that Vi U V2 is obtained from 
^1,1 ^Pi ^1,2 by a tubing. 

If (1.1) holds, then we immediately have the conclusion of Propositions 6.2. If 
(1.2) holds, then we further apply Propositions 6.1 and 5.1, and we have either 
one of the following. 

(2.1) There exists a weakly if -reducing pair of disks Di, D2 for Vi^i Upj Vi^2 
such that £>! n if = 0, and £>2 n if = 0. 

(2.2) There exists a Heegaard splitting V2,i Up^ ^2,2 of (5^, if) which gives a 
genus (51 — 2), 2-bridge position of if such that Vi,i Upj Vi^2 is obtained from 
V2,i Up2 V2,2 by a tubing. 

We claim that if (2.1) holds, then we have the conclusion of Propositions 6.2. In 
fact, since i)i fl if = 0, and D2 H if = 0, and tubing operations are performed 
in a small neighborhood of if, the pair Di, D2 survives in Vi U V2 to give a 
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weak reducibility. If (2.2) holds, then we further apply Propositions 6.1 and 
5.1, and we have either one of the following. 

(3.1) There exists a weakly K-reducing pair of disks Di, D2 for 1^2,1 V2,2 
such that DiDK = and D2nK = iD. 

(3.2) There exists a Heegaard splitting V^^i U/i^ Vs^2 of {S'^,K) which gives a 
genus {g — 3), 3-bridge position of K such that ^2,1 V2,2 is obtained from 
Vs,! V3,2 by a tubing. 

Then we apply the same argument as above, and so on. Then either we have 
the conclusion of Propositions 6.2, or the procedures are repeated {g — 1) times 
to give the following. 

(g.l) There exists a weakly if -reducing pair of disks Di, D2 for ^Pg-i 
Vg-i,2 such that Z)i fl K = 0, and D2 n K = 0. 

{g.2) There exists a Heegaard splitting Vg^i Up^ Vg^2 of (S'^jK) which gives a 
genus 0, ^(-bridge position of K such that V^-1,1 ^Pg-i ^-1,2 is obtained from 
Vg,i Upg Vg,2 by a tubing. 

If (g.l) holds, then by using the arguments as above, we see that we have 
the conclusion of Propositions 6.2. Suppose that {g.2) holds. Then we see 
that there exists a weakly reducing pair of disks Di, D2 for Vg^i Up^ Vg^2 such 
that Di n K = ^, and D2 H K = ^ (see Remark 5.2), and this together with 
the arguments as for the case (5.I), we see that we have the conclusion of 
Propositions 6.2. 

This completes the proof of Propositions 6.2. 



7 Proof of Theorem 1.1 

Let K he a knot in a closed 3-manifold M . 

Definition 7.1 A tunnel for K is an embedded arc a in S"^ such that aClK = 
da. We say that a tunnel a for K is unknotting if -S^— Int N(K U (J,S^) is a 
genus two handlebody. 
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For a tunnel a for K ,let a = ar]E{K) . Then a is an arc properly embedded in 
E{K), and we may regard that N(KUa) is obtained from N{K) by attaching 
N{a,E{K)), where N{a, E{K)) n N{K) consists of two disks, ie, N{a,E{K)) 
is a 1-handle attached to N{K) . 

Definition 7.2 Let ai, a2 be tunnels for K . We say that cji is isotopic to (72 
if there is an ambient isotopy ht (0 < t < 1) of E{K) such that ho = id^;^^), 
and hi{ai) = a2- 

Remark 7.3 Let a be an unknotting tunnel for K , and let V = N{K[Jcr, M) , 
and W = c\{M - V) . Note that V UW is a. Heegaard splitting of (M, K) , 
which gives a genus two, 0-bridge position of K. Let ui, a2 be unknotting 
tunnels for K , and Vi U Wi , V2 Upj Heegaard splittings obtained from 
(Ti , (72 respectively as above. Then it is known that ai is isotopic to a"2 if and 
only if Pi is -isotopic to P2 ■ 

Now, in the rest of this paper, let i^T be a non-trivial 2-bridge knot, and AUpB 
a genus Heegaard splitting of 5^, which gives a two bridge position of K 
(Figure 11). 



7. A Genus two Heegaard splittings of E{K) 

Here we show the next lemma on unknotting tunnels of K , which is used in 
the proof of Theorem 1.1. 

Lemma 7.4 Let a be an unknotting tunnel for K , and V UW a Heegaard 
splitting obtained from a as in Remark 7.3. Then there exist meridian disks 
Di , D2 of V , W respectively such that Di intersects K transversely in one 
point, Dir\N{a, E{K)) = 0, and dDi intersects dD2 transversely in one point. 




A 



B 



Figure 11 
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Proof We note that a is isotopic to either one of the six unknotting tun- 
nels Ti, T2, pi, P2i P3) ov /94 in Figure 11 (see [6] or [13]). Suppose that 
a is isotopic to Tj, i = 1 or 2, say 1. Then we may regard that V = 
AU N{K n B,B) (Figure 12). Here N{a,E{K)) = N{Da,A), where Da 
is a disk properly embedded in A, such that Da separates the components of 
KnA, and N{Da, A) n N{K nB.B) = $ (hence, Da is properly embedded in 
V). Then we can take a pair Di, D2 satisfying the conclusion of Lemma 7.4 
as in Figure 12. 



Di 




Figure 12 



Suppose that a is isotopic to /Oj, i = 1, 2, 3, or 4, say 1. Then we may regard 
that V is obtained from the Heegaard splitting AVJp B of {S^ , K) as follows. 

Let a be the component of K 1^ A, which is disjoint from a , and V = c\{A — 
N{a,A)), = B\J N{a,A). Let a' = aU{K nB). Note that a' is an arc 
properly embedded in W . Then V = V' \J N{a', W) . See Figure 13. That is, 
y U is obtained from AUpB by successively tubing along a , and a' . We can 
take a pair Di , D2 satisfying the conclusion of Lemma 7.4, as in Figure 13. □ 




Figure 13 
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7.B Irreducible Heegaeird splittings of (torus) x [0, 1] 

In [1], M Boileau, and J-P Otal gave a classification of Heegaard spHttings of 
(torus) X [0, 1] , and M.Scharlemann, and A.Thompson [18] proved that the same 
kind of results hold for F x [0, 1] , where F is any closed orientable surface. The 
result of Boileau-Otal will be used for the proof of Theorem 1.1, and in this 
section we quickly state it. 

Let T be a torus. Let Qi be the surface T x {1/2} in T x [0, 1]. It is clear 
that Qi separates T x [0, 1] into two trivial compression bodies. Hence Qi is 
a Heegaard surface of T x [0, 1] . We call this Heegaard splitting type 1. Let 
o be a vertical arc in T x [0, 1]. Let Vi = N{(T x {0, 1}) U o,r x [0, 1]), and 
V2 = cl(T X [0, 1] — Fi) . It is easy to see that Vi is a compression body, V2 is a 
genus two handlebody, and Fi fl V2 = = 9+V2(= dV2)- Hence Vi U V2 is 

a Heegaard splitting of T x /. We call this Heegaard splitting type 2. Then in 
[1, Theoreme 1.5], or [18, Main theorem 2.11], the following is shown. 

Theorem 7.5 Every irreducible Heegaard splitting of T x [0, 1] is isotopic to 
either a Heegaard splitting of type 1 or type 2. 

7.C Proof of Theorem 1.1 

Let CiUp C2 be a genus g Heegaard splitting of the exterior of K , E{K) = 
d{S^ - N{K)), with 5 > 3 and d-Ci = dE{K). Then, by Proposition 6.2, we 
see that Ci Up C2 is weakly reducible. By Proposition 4.2, either C\ Up C2 is 
reducible, or there is a weakly reducing collection of disks A for P such that 
each component of -P(A) is an incompressible surface in E(K), which is not a 
2-sphere. Suppose that the second conclusion holds and let Mj {j = 1, . . . , n) , 
Mj^i {i = 1,2), and C\^\ Up^ Ci,2, ■ ■ ■ ,Cn,i Up„ Cn,2 be as in Section 4. Note 
that each component of d-Cij is cither dE{K) or a closed incompressible 
surface in Int£'(i^) . Since every closed incompressible surface in lntE{K) is 
a 5-parallel torus, we see that the submanifolds Mi, . . . ,Mn lie in E(K) in 
a linear configuration, ie, by exchanging the subscripts if necessary, we may 
suppose that 

(1) d-Ci,i=dE{K), 

(2) For each i (1 < z < n — 1) , Mj is homeomorphic to (torus) x[0, 1], and 
Mj n Mj+i = -Pj : a 5-parallel torus in E{K) . 

Claim 1 If n > 2, then Ci Up C2 is reducible. 
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Proof Let M{ = cl(Ci - M„,i) , and = cl(C2 - M„,2) ■ Then from the pair 

M[ , M2 we can obtain, as in Section 4, a Heegaard spHtting, say C[ Up/ C2 , 
of the product region between i^n_i and dE[K). Since n > 2, wc see, by 
[20, Remark 2.7], that genus(P') > 2. Hence by Theorem 7.5, C[ Up/ C'^ is 
reducible. Hence, by Lemma 4.6, Ci Up C2 is reducible. □ 

By Claim 1, we may suppose, in the rest of the proof, that n = 2. Now we 
prove Theorem 1.1 by the induction on g. 

Suppose that g = 2>. By Lemma 4.6, we may suppose that both Ci^i Up^ Ci^2i 
and 6*2,1 Up^ 6*2,2 are irreducible. By Lemma 4.5 and Theorem 7.5, we see that 
Ci,i is a genus 2 compression body with 5_Ci,i = dE{K) U Fi, and Ci,2 is a 
genus 2 handlebody. 

Claim 2 (Mi,i n P) C (Mi,2 n P) . 

Proof Suppose not. Then, by Lemma 4.3, we see that (Mi,inP) D (Mi,2nP). 
Recah that (7i,i = cl(Mi,i - A^((9+Mi,i, Mi,i)) . This implies that 9_Mi,i = 
t?_Ci,i . Note that Ci,i Up^ Ci,2 is a Heegaard splitting of type 2 in Section 7.B. 
These show that 5_Mi,i = dE{K) U Pi. However, this is impossible since 
5-Mi,i C aP(K). ' □ 

By Claim 2, we see that Mi, 2 is a genus two handlebody. Hence A2 is either 
one of Figure 14, ie, either (1) A2 consists of a non-separating disk in C2, (2) 
A2 consists of a separating disk in C2 , or (3) A2 consists of two disks, one of 
which is a separating disk, and the other is a non-separating disk in C2 ■ 

Suppose that A2 is of type (1) in Figure 14. Since no component of P(A) is 

a 2-sphere, we see that dAi C Mi, 2. By Claim 2, we see that (M2,i n P) D 
(M2,2 n P). Since d{M2,i U M2,2) = dM2 = Pi: a torus, we see that M2,i is a 
genus two handlebody, and Ai consists of a separating disk in Ci (Figure 15). 

Let Nk = cl{S^ — M2) ■ Since Pi is a (9-parallel torus in E{K) , we see that Nk 
is a regular neighborhood of K, hence M2 is an exterior of K. Note that M2,2 is 
a 1-handle attached to Nk such that cl{S^ — {Nk U M2,2)) = M2,i , a genus two 
handlebody. This shows that M2,2 is a regular neighborhood of an arc properly 
embedded in M2, which comes from an unknotting tunnel of K. Hence, by 
Lemma 7.4, we see that there is a pair of disks Di , D2 in Nk U M2,2 , M2,i 
respectively such that P^i intersects K transversely in one point, DinM2,2 = 0) 
and dDi intersects dD2 transversely in one point. Here, by deforming D2 by 
an ambient isotopy of M2,i if necessary, we may suppose that P'2 H Ai = 
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M2,2 



Ml,2 


— M • 

1 


(1) 


Ml,2 


1 <I>t 

M2,2 


(2) 


Ml,2 


^M2,2 " 



A 2 
A2 




Mi,i 



(hence, D2 is a meridian disk of Ci). Since Di and K intersect transversely in 
one point, we may suppose that Di n E{K) (= Di n Mi) is a vertical annulus, 
say Ai , properly embedded in Mi (= x [0, 1]) . Recall that Ci^i Up^ Ci^2 is a 
type 2 Heegaard splitting of Mi . This implies that there exists a vertical arc a 
in Ml such that Mi^i = N{dE{K)[Ja, Mi) . Since a is vertical, we may suppose, 
by isotopy, that a C Ai , ie, a is an essential arc properly embedded in Ai . Let 

1 be the component of dAi contained in dE[K) . Hence n C2 = ^1 fl Mi^2 
= c\{Ai — N{i U a, Ml)) , and this is a disk, say D[ , properly embedded in C2 ■ 
Obviously dD[ and dD2 intersect transversely in one point. Recall that D2 
{D[ respectively) is a disk properly embedded in Ci {C2 respectively). Hence 
Ci Up C2 is stabilized and this shows that Ci Up C2 is reducible if g = 3 (see 

2 of Remark 2.3). 
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Suppose that A2 is of type (2) or (3) in Figure 14. Then we take A2 as in 
Figure 14, and let A' = Ai U A2. We note that A' is a weakly reducing 
collection of disks for P, where A' is of type (1) in Figure 14. Let F[ be the 
torus obtained from A' , which is corresponding to Fi . It is directly observed 
from Figure 14 that F{ is isotopic to Fi . Hence we can apply the argument for 
type 1 weakly reducing collection of disks to A' , and we can show that Ci Up C2 
is reducible. 

Suppose that 5 > 4. If genus(Pi) > 2, then by Theorem 7.5 and Lemma 4.6, 
we see that Ci Up C2 is reducible. Suppose that genus(Pi) = 2. Then, by 
[20, Remark 2.7], we see that genus(P2) = g — 1. Hence, by the assumption 
of the induction, we see that C2,i Upj C2,2 is reducible. Hence, by Lemma 4.6, 
Ci Up C2 is reducible. 

This completes the proof of Theorem 1.1. 
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